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■^^ ' Abstract 

\^ ' The notion of compact quantum subgroup is revisited and an alter- 

native definition is given. Induced representations are considered and a 
Frobenius reciprocity theorem is obtained. A relationship between ergodic 
actions of compact quantum groups on C*-algebras and topological tran- 
sitivity is investigated. A sufficient condition for embedding such actions 
in quantum quotient spaces is obtained. 



^ • 1 Introduction 

O 

r/-^ . Consider an ergodic action of a compact group G by automorphisms on the C*- 

•r^ ' algebra G{X) of continuos functions on the compact space X. It is known that 

^3 . this action arises from a transitive right action of G on A by homeomorphisnis. 

Therefore the stabiUzer of a point of A is a closed subgroup K of G, and A can 

be identified with the right coset space K\G as a G-space. 

i-G ' The aim of this note is to understand an appropriate generalization of the 

C^ . above property to ergodic actions of compact quantum groups on noncommu- 

S ' tative G*-algebras. Our interest in this problem arises from the program of 

formulating an abstract duality theory for compact quantum groups where such 
a generalization is needed, [3], [S]. 
^^ , The relationship between topological transitivity and ergodicity in the case 

$-H ' where G is still a classical compact group but acting on a noncommutative G*- 

algebra C, has been investigated by Longo and Peligrad in ^. They proved that 
ergodicity is equivalent to the lack of proper closed G-invariant left ideals in C. 
A general theory of ergodic actions of compact matrix pseudogroups on G*- 
algebras has been studied by Boca 121, who proved, among other things, that 
the spectral subspaces of the action are finite dimensional. 

The notion of quantum subgroup and quantum quotient space was first in- 
troduced by Podles in |7] for compact matrix pseudogroups, who computed all 
the subgroups and quotient spaces of the quantum SU{2) and 5*0(3) groups. 

Later Wang [Sj, while studying ergodic actions of the universal quantum 
groups on G*-algebras, proved that, as in the classical case, actions of compact 
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quantum groups on quotient spaces are ergodic. But he also showed that not 
aU ergodic actions are of this form. More precisely, he found an example of 
a compact quantum group acting ergodically on a (even commutative) C*- 
algebra, which is not a quotient action by a point stabilizer subgroup. 

Wang's example suggests that the desired identification X = K\G should 
be relaxed, in the quantum case, to the possibility of finding a faithful inclusion 
of C(X) in the quantum quotient space C{K\G). 

In the first sections we revisit the notion of compact subgroup and quotient 
space of a compact quantum group. In Sect. 2 we define a compact quantum 
group K — {A', A') to be a subgroup of a compact quantum group G — {A, A) 
if there exists a surjective *-homomorphism ir : A —> A' intertwining the co- 
products. This definition reduces to Podles's definition for compact matrix 
pseudogroups. We give an alternative definition, based on the property that 
a closed ideal 3 oi A should satisfy in order that A/J become a subgroup of 
G through the quotient map. More precisely we show that a necessary and 
sufficient condition is that J be a closed coideal of ^l (Theorem 2.6). 

In Sect. 3 we show that the smooth part of a coideal is not dense in the ideal, 
although the representation category of a subgroup K is completely determined 
by the smooth part of the coideal. We show that one can always replace a sub- 
group K with another subgroup iiTmax for which the smooth part of the coideal 
is dense, and with the same representation category. We also show that the 
equivalence classes of subgroups for which their smooth subalgebras are isomor- 
phic as Hopf *-algebras (equivalent subgroups), are in bijective correspondence 
with the Hilbert space C*-subcategories with tensor products, subobjects and 
direct sums, containing Rep(G'), the representation category of G. 

We consider the notion of representation induced by a representation of a 
subgroup K to the whole group G and we show a Frobenius reciprocity theorem 
at an algebraic level (Sect. 5). 

In the next section we generalize Longo and Peligrad theorem to quantum 
groups: we show that an action of a compact quantum group G = (A, A) on a 
unital C*-algebra C is ergodic if and only if 6 has no proper closed G-invariant 
left ideal 3 for which the left ideal generated by the image of 3 under the action is 
dense. In the case where the action and the Haar measure are faithful, we show 
that we can drop the density assumption. We give more equivalent properties 
based on the lack of certain hereditary G-invariant G*-subalgebras and certain 
open projections of 6. 

In the last section we look for a necessary and sufficient condition in order 
that an ergodic G-space C be embeddable in a quantum quotient space by a 
subgroup. The idea is the following. If such an embedding were possible, then, 
assuming for simplicity that the acting quantum group have an everywhere 
defined counit, the restriction of that counit to the quotient space should induce 
a *-character on 6. Thus the existence of a *-character is a necessary condition 
in this case. On the other hand it is not difficult to check that if G is a classical 
group, acting ergodically on 6, the existence of a *-character on C actually 
forces 6 to be commutative (see Prop. 7.1), and therefore a quotient G-space. 
Assuming then the existence of a *-character x on C, we define the subgroup G^ 
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stabilizing % and we show that if the action is ergodic and faithful and if G has 
faithful Haar measure, then 6 can be embedded faithfully, with its G-action, 
into the quantum quotient space G^\G. 

2 Quantum subgroups and closed coideals 

We start defining the notion of compact quantum subgroup of a compact quan- 
tum group. 

Let G = {A, A) be a separable compact quantum group in the sense of 
Woronowicz jEl- Recall that this is a pair of a separable unital C*-algebra A 
and a unital *~algebra homomorphism A : A ^ A(Si A such that 

a) A(8)toA = t(g)AoA, with l the identity map on A, 

b) the sets {6cg)/A(c), 6, c G ^1} {/(g)6A(c), 6, c e ^1} both span dense subspaces 

oiA^A. 

The map A is usually called the coproduct of A and property a) is referred 
to as coassociativity of A. 

Let G — {A, A) be a compact quantum group, and 9{A,A) : A(S^A -^ A(S^A 
the automorphism which exchanges the order in the tensor product. Then 
compact quantum group Go := {A, 9{A, A) o A) will be referred to as the group 
opposite to G. 

2.1 Definition A pair K — {A' , A') consituted by a unital G*-algebra A' and 
a unital * -homomorphism A' : A' —^ A' ® A' is a compact quantum subgroup 
of G = {A, A) if there exists a unital *-epimorphism tt : A ^ A' such that 

7r®7roA = A'o7r. 

2.2 Proposition A compact quantum subgroup of a separable compact quan- 
tum group is a separable compact quantum group. 

Proof Since tt is surjective. A' must be separable as well. Furthermore A' is 
coassociative, as, for a' = 7r(a) e A' , 

A' I o A'(a') = A' t(A'(7r(a))) = 

A' (g) l{tt (g) 7r(A(a))) = A' o tt ® 7r(A(a)) = 

TT (X) TT (X) 7r(A (g) i o A(a)) =7r(8)7r(8)7r(i(g)Ao A(a)) = i ® A' o A' (a'). 

Furthemore the same intertwining relation between coproducts shows that prop- 
erty b) holds for K as well. In fact, for example, for b' — 7r(&), c' — tt{c) G A', 
elements of the form 

/ ® b'A'{c) = / 7r(6)A' o 7r(c) = tt ® 7r(/ (g) 6A(c)) 

span a dense subspace of tt (g) tt{A (g A) = A' ® A'. Thus K is a separable 
compact quantum group. 
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One can easily recognize that in the case of compact matrix psudogroups, 
this definition agrees with Podles definition '7'. 

Remark 1 If the algebra A is commutative, then A' is commutative as well, since 
77 is surjective. Let G and K be the spectra oiA and A' respectively, which must 
be compact groups. The epimorphism ir then defines an injective continuous 
map K ^ G, and therefore an identification of K with a closed subgroup of G. 

Remark 2 It is known that the Haar measure /i of a compact quantum group 
G = {A, A) is faithful if and only if the corresponding GNS representation 
TTfi is faithful JUl- Consider the compact quantum group Gh = {nh{A),Ah) 
defined in ^Hj. The surjective map nh : A -^ T^hi-A) satisfies the required 
intertwining relation between A and A;;. Therefore in the case where h is not 
faithful, according to the previous definition, Gh should be regarded as a proper 
subgroup of G! 

li K ^ (yi'. A') is a compact quantum subgroup of G = (^l. A), the G*- 
algebra structure of ^l' is precisely the G*-structure of the quotient G*-algebra 
A/ker n. Thus the coproduct oiA' can be pulled back to a coproduct on A/ker n 
making it into a compact quantum subgroup of G via the quotient map. What 
properties a closed ideal U of yi should then satisfy in order that A/3 become a 
compact quantum subgroup of G through the quotient map A — > A/37 

Before discussing this problem, we anticipate the following well known fact. 
If yi is any G*-algebra faithfully represented on a Hilbert space IK, by tyi : A ^ 
!B(J{) we shall denote the defining representation of yi. 

2.3 Lemma Let A and "B he unital G* -algebras, faithfully represented on 
Hilbert spaces "K and Di' respectively, and let tt : A ^ 23 (3C) be a Hilbert space 
representation of A. Then the kernel of Hilbert space representation 

TT (E) L-B : A (g) T, -^ S(3C J{') 

of the minimal tensor product yi eg) 23, is ker tt (g) 23. 

Proof Consider a positive bounded approximate identity a ^ Ua oi ker n. 
This is a net strongly convergent to the orthogonal projection P on the closed 
subspace generated by ker ttM. Since that subspace is left invariant by A, P 
lies in the commutant of yi in 25(5{). Since, for all a G yi, 

|7r(a)|| — lim \\a — aua\\ = \\a{I — P)||, 

a 

the map 

7r(a) e Tr{A) -^ a{I - P) E S(5{) 

is a faithful *-representation of 7r(yi) on !K. The tensor product representation 
TT ^ L-B from the minimal tensor product yi (g) 23 to operators on 3C ig) !K', has 
range *-isomorphic to the minimal tensor product 7r(yi) (g) 23. Therefore, if 
ai, . . . , flAT G yi, fei, . . . , 6jv £ 23, the quotient norm of [^-^ a^ (g) bi] with respect 
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to the ideal ker (tt (^ l) coincides with the norm of the image ^j^ 7r(ai) ® hi 
in the minimal tensor product ^{A) ® B. In that C*-algebra, by Turumaru's 
theorem (see, e.g. ^, Prop. 1.22.9), asserting that the tensor product of faithful 
representations is faithful, and therefore isometric, 

N N 



'Y^Ti{a,)®h\\ = \\^a,{I-P)®h 



where at the right hand side we are using the operator norm arising from the 
Hilbert space "K^W . Thus the right hand side equals 



N N N 



lim|| y^aj(/ - Ua) (^bi\\ = lim || y^ a.; (g) 6j - (T^ a.; ® 6j)(ua ® /)||. 

1 11 

Since a ^ Uq, (g) / is an approximate identity for ker tt S, the last term equals, 
in turn, the quotient norm of [J^i CLi ® hi] with respect to the ideal ker tt ® !B. 
Therefore we can conclude that the natural *-homomorphism 



A ® S/ker tt ig) CB ^ ^l » 23/ker (tt ® is) 



is isometric. 



2.4 Definition Let 3 be a closed ideal of A. We shall call 3 a closed coideal if 

A{3) C3(^A + A(E}3. 

Recall that the sum of a closed ideal and a C*-subalgebra in a C*-algebra 
S is always a C*-subalgebra of S (Cor. 1.5.8 in [S]). So the sum 3^A + A®3 
is a closed ideal oi A i^A. 

2.5 Proposition IfK — {A' , A') is a compact quantum subgroup ofG — {A, A) 
defined by the surjection tt : A ^ A' , ker tt is a closed ideal and a closed coideal 
of A. 

Proof For any a G ker tt, the element b := ij{ ® 7r(A(a)) iz A® A' lies in the 
kernel of tt ® iyi' , as 

TT ® LA'{b) = TT ® 7rA(a) = A'(7r(a)) = 0. 

Since 

ker (tt iS) la') = ker tt (g) yi' = Imagc(ikcr ir "X" tt), 

there is c € ker tt (g) A such that 

Lji 7r(A(o)) = (iker tt 8) 7r)(c). 

Set d := A(a) — c. Since 

tyi ® 7r(d) = (tyi (g) 7r)(A(a)) - (tkcr x ® 7i')(c) = 0, 
d G ker {la ® tt) = yi (g ker tt. 
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So 

A(a) e A (S) kcT TT + kcr TT ® A. 

2.6 Theorem IfJ is a closed ideal and a closed coideal of A, there is a unique 
coproduct A-' on A/d making K :— {Ap, A') into a compact quantum subgroup 
of G through the quotient map q : A ^ A/3. Any compact quantum subgroup 
of G is of this form. 

Proof The the quotient C*-algebra A' := A/3 can be endowed with the unital 
* -homomorphisni 

A:A'^ {A(giA)/3, 

with 3'-=3^A + A(E)3, taking the element a + 3 to the element A(a) + 3. On 
the other hand ii q : A ^ A' is the quotient map, then the *-epimorphism 

q(^q:Ai^A^A'(^A' 

actually annihilates 3, and therefore it gives rise to a *-epimorphism 

q^q : {A (g) A)/3 -^ A' (» A'. 

Set 

A' :== Q^ o A: A' ^ A' IS) A'. 



One has: 



A'{q{a))^q^q{A{a)). 



By the previous proposition, any compact quantum subgroup of G is of this 
form, with 3 the kernel of the defining surjective map. 



3 Equivalent subgroups 

We have noticed (Remark 2) that the definition of quantum subgroup we have 
given in the previous section has the disadvantage that the compact quantum 
group Gh becomes a proper quantum subgroup of G in the case where the Haar 
measure h is not faithful. In this section we introduce the notion of equivalence 
between compact quantum subgroups which has the effect that Gh becomes 
equivalent to the whole group G. 

Recall that a iV-dimensional unitary representation of a compact quantum 
group G = {A, A) is a unitary matrix u — (uij) G Matjv(yi) such that A(ui,j) = 
X^i '"i,r ® '^'■j- Let H be an iV-dimensional Hilbert space with orthonormal 
basis {i^iji = 1,...,A^}. Consider the right Hilbert yi-module H ^ A, with 
inner product {ip ® a,(l) ® h)A = (V'l 4')0'*b, a,b ^ A, ipjcf) £ H. The linear map 
u : ipi £ H ^ V . ij^j (g) Uj^i € H ®A satisfies: 

(m(V), «(0)U = ('A, 4>)cl, ^,^eH, (3.1) 
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u®Lou = i(^Aou, (3.2) 

u{H)A^H(g,A. (3.3) 

Conversely, any linear map u : H ^ H ® A satisfying (3.1)-(3.3) arises from a 
unitary representation of G. 

If H is infinite dimensional, the most general notion of unitary representation 
has been given in [IJ. More in detail, we consider the Hilbert space L?{A) 
obtained completing A w.r.t. the inner product defined by the Haar measure. 
A unitary representation of G on iJ is a unitary operator W on the tensor 
product Hilbert space H ® L^{A) satisfying on H ^ L'^{A) L'^{A) the relation 

W12W13V23 = V"23W^12- 

Here V denote the multiplicative unitary on L'^{A)(^L'^{A) defined by V{a(^b) = 
A(a)/ (3 b. Notice that equations (3.1) and (3.2) make sense even in the case 
where H is separable and infinite dimensional. We illustrate how one can get a 
representation of V from them. 

Let us consider the natural continuous map t from the right yi-Hilbert 
module H ^A to the Hilbert space H L'^{A). A map u satisfying (3.1) and 
(3.2) gives rise to a map Wu on iJ L'^{A) defined by 

Wui"»a = T{u{tp)a), i! ^H.aeAd L^{A). 

We shall need the following fact in Sect. 5. 

3.1 Proposition Let H he a separable Hilbert space, and u : H ^ H ® A 
a linear map satisfying (3.1) and (3.2). If the set {u{'ip)a,tp e H,a G A} is 
total in H ®A, the map Wu defined as above is a unitary representation of the 
multiplicative unitary V . 

3.2 Definition Let u be a unitary finite dimensional Hilbert space representa- 
tion of a compact quantum group G on H, and let K — (A' , A') be a compact 
subgroup of G, defined by tt : ^l — > A'. Then u \k'-= i® tt o u : H ^ H ® A' is 
easily seen to be a unitary representation of K on H, that we call the restriction 
of u to K. 

The space of intertwining operators {u,u') between two unitary representa- 
tions on Hilbert spaces H and H' respectively, is the set of all linear maps T 
from H to H' such that 

u oT = T ® io u, 

with t the identity map on A. The category Rep(G) with objects finite dimen- 
sional unitary G-representations and arrows intertwining operators is known to 
be a tensor G*-category with conjugates [Tnj . 

Let us consider the functor from Rep(G) to Rep(X), taking a representation 
u of G to the restricted representation u \k, and acting trivially on the arrows. 
This is clearly a faithful tensor *-functor. If we identify each representation 
with its Hilbert space, this functor gives us an inclusion 

Rep(G) c Rep(A') 
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of Hilbert space categories. 

3.3 Theorem If K is a compact quantum subgroup of G, the smallest full 
tensor * -subcategory ofRep{K) with subobjects and direct sums containing all 
the restricted representations {u \k, u G Rep{G)}, is the whole Rep{K). 

In order to prove this theorem we shall need the smooth part Aoc of A^ 
the set of all linear combinations of matrix elements of all finite dimensional 
unitary representations of G. This is a dense *-subalgebra of A such that 
A{Aoo) C Aoo &Aoo (see JSl)- Here denotes the algebraic tensor product. 

3.4 Proposition There are choices of complete sets of inequivalent, unitary, 
irreducible representations G — {u", a £ A} and K = {v^ , (3 G B} of G and K 
respectively, such that for each a G A, u" \k splits into a direct sum of elements 

of K: u" \k= miv^^ © • • • © m^v^" , with I3i,...,Pn G B and mi, . . . ,niM 
positive integers. Every element of K arises in this way. 

Proof Let us choose a complete set G = {u",a S A} of irreducible uni- 
tary representations of G. Since the representation coefficients uf, span ^oo, 
which is dense in A, the set {■K{ufj),a G A,i,j — 1, . . . , dim(w")} span a 
dense *-subalgebra of A' . On the other hand each 7r(uf ■) is the coefficient 
of the restricted representation u \k of u to K. Let us consider a com- 
plete set K = {u^,/3 e B} of unitary irreducible representations of K. Up 
to replacing u" by a unitarily equivalent G-representation, we can assume 
that there exist /3i, . . . , Pm G B and multiplicities mi, . . . , ttijv > 1 such that 
u" \k^ m.iv^^ • • • © mjsiv^'^ . Since the set of all the coefficients of the v^s 
thus obtained is dense in A' , when a ranges over A, we must obtain all the 
irreducibles of K. 

Theorem 3.3 is now an easy consequence of the previous proposition. 

3.5 Definition Let G = {A, A) be a compact quantum group. Two compact 
quantum subgroups of G, Ki — [A' ,/S.') and K2 = (^l". A"), defined by sur- 
jections tti : A -^ A' and 712 : .A — > A" respectively, will be called equivalent if 
their smooth parts A'^ and A'^ are isomorphic as Hopf *-algebras. 

3.6 Proposition Ki and K2 are equivalent subgroups of G if and only if 
Rep{Ki) = Rcp{K2) as Hilbert space categories. 

Proof It is easy to show that an isomorphism between the smooth parts of 
two subgroups induces an isomorphism of tensor *-categories, between the cor- 
responding representation categories leaving fixed the representation Hilbert 
spaces. Conversely, if Rep(isri) = Rep{K2) as Hilbert space categories, the 
smooth parts of Ki and K2 must be isomorphic as Hopf *-algebras, as each of 
them is isomorphic to the Tannaka-Krein dual of that category, by Woronowicz 
Tannaka-Krein duality theorem jll| . 

Consider the smooth part of the kernel oi n : A -^ A', 3oo '■= kervr n Aoo, 
which is clearly a *-ideal of Aoo- 

Remark 3 Joo is not dense in ker tt in general. Indeed, consider the case of the 
quantum subgroup Gh defined by the representation -Kh '. A ^ T^h{A) of G. If 
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TTh is not faithful (or, equivalently, h is not faithful), 3oo = {0} by JJOIj but 
ker TTh + {0}. 

3.7 Lemma Joo is a * -ideal ofAca a.nd an algebraic coideal of {Aoo, A), in the 
sense that A(3oo) c 3oo -^oo + -^oo © ^oo- 

Proof The only nontrivial statement is that A(3oo) C 3oo -^oo + -Aoo 3oo- 
We choose G and 7? as in the previous theorem. Let us call "diagonal" all the 
pairs («,j) corresponding to the entries in the matrix u" corresponding to the 
entries occupied by the coefficients of the v^p 's in the matrix u" \k , and "off 
diagonal" the remaining pairs. Let now X G 3ao be written uniquely as a linear 
combination of the coefficients of a finite set {w", a € F} of G-representations, 
i.e. 



1/ ■ 



K^K^ + E E ^"."" 



2-^ 2-^ "«j ""^j ' /-^ /-^ '^^^j ""^j 

oc^F diagonal pairs a^F off diagonal pairs 



x' + x". 

Now, if («, j) is off diagonal, TT{ufj) = 0, therefore ufj € kerTr, which shows that 
X", and therefore also X', lie in kerTr as well. Therefore we are left to show that 
both A(u"j), for all (i, j) off diagonal, and A{X') belong to 3oo0-Aoo+-Aoo0Joo- 
Since, for (i,j) off diagonal, we can write 

M<j)= E <fe®<,+ E <fe®<.' 

k:(i,k) is off diagonal k:{i,k) is diagonal 

we realize that A(Mf ■) e 3oo -Aoo + -Aoo Joo (notice that in the second sum 
each {k,j) must be off diagonal, as {i,j) is). 

Let us now think of the element X' E kerTr. Let F' ~ {/3i, . . . , /3n} denote 
the finite subset of B of all unitary irreducible iiT-representations obtained from 
the irreducible components of every representation in the set {u" \K,Oi £ F}. 
For each r — 1, . . . ,N consider the subset Fr C F constituted by all a € A 
for which v^'' is a subrepresentation of u" \k- For each such a, let m" be the 
multiplicity of vf in m" \k- We choose unitary equivalences so that for each 
a G Fr, the subrepresentations of the form m"v^^ of u" \k are listed in order 
with increasing indices j. Then 

= n{x') = ^ J2 KA<j) = 

aG-F (i,j)diagonal 

EE(EE^I ..")<.' 

where, denoting by fj the dimension of v^\ and with (5" := X]^=i ^^ffj^ ^^ 
have set: i? = 5,^ + /i, ij = (5? + /,. + /i, . . . , C- = ^r + ("i" - l)/r + /», 



3 EQUIVALENT SUBGROUPS 10 

if ^S^ + k, J- ^S^ + fr + k,...J^^^S^ + (mf - 1)/, + k. Since the v(;s 
are linearly independent, we see that for each possible r, and each possible pair 

{h,k)€{l,...Jr}x{l,...Jr}, 



aeF, 

Then 






where 

aeFr- p=l 

all of them belonging to kerTr. Therefore it suffices to show that 
for each fixed r,h,k. Set, for simplicity, /i" := Af . Then 

m° dimtt" 
aeFrP=l g=l 

We split the sum in q in two parts: the sum with q ranging the interval 

Sr+{P- l)/r + 1, . . . , (5f + (p - 1)/, + fr = S^+ pfr 

and the sum over the remaining values. We get 

in° S" + {p-l)fr+P 

EE E mx.,0<,,+ 
EE E A^X,««<.v 

af^i^r p—1 the remaining indices q 

Each pair {ip,q) and {q,jp) arising from the second sum is off diagonal, so the 
second sum belongs to 3oo 3oo- Let us think of the first sum. We first perform 
the sum over the pairs (ip, q) in the set 

Ai :- {(zi, S"^ + 1), {i2,5^ + /, + 1), . . . , (z™°, ,5^ + (mf - 1)/, + 1)}, 

followed by the sum over the pairs 

A2 := {{ii,5^ + 2), {i2,5^ + fr + 2),..., {i< ,5^ + (mf - 1)/, + 2)}, 
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and, finally at the last step, over the pairs in the set 

% := {(*i, 5," + /,), (*2, <5," +/, + /,),..., (*"° , J," + (m^ - 1)/,, + /,)}. 
We show then that each addendum 

aeFr {ip,q)eAs 

lies in 3oo -Aoo + -Aoo Joo- In fact, assuming for simplicity s = 1, that sum 
can be also written as 

(E E A^x.,,) ® <?+!,.. + E E ^pX..®k* -"??+!.. J' 

and the claim is proved. 

Remark 4 Let us consider complete sets G, K of irreducible representations of 
G and K respectively, as in proposition 3.4. We thus see that tt restricts to a 
surjective *-homomorphismyioo -^ -A'^ with kernel Uoo- Since Uoo is an algebraic 
ideal and coideal of the Hopf *-algebra (yioc, A), (yi'^^. A') and {Aoc/'^oc, A-'^) 
are isomorphic as Hopf *-algebras. 

Remark 5 We show that up to replacing K with an equivalent subgroup, K^^,^, 
we can always assume that the smooth part of the Uoo be dense in ker tt. If 
K = (A' , A') is a compact quantum subgroup of G = {A, A), we can complete 
the *-ideal 3oc = ker ttCiAoo and obtain a closed ideal and a closed coideal 3oo- 
Then thanks to Theorem 2.6 and Lemma 3.7, we can form another compact 
quantum subgroup iiTmax by taking the quotient with respect to 3oo- Let q be 
the corresponding quotient map. This subgroup is clearly equivalent to the 
original subgroup K. But K can be in turn regarded as a subgroup of -fCmax) 
as the inclusion Hoc C ker n provides a *-epimorphism 

a : A/3~oo ^ A/kci n ^ A' 
such that, for a e yi, 

A' o a{a + foo) = A'(7r(a)) = tt tt o A(a). 
On the other hand 

a (X) a o A^°° (a + 3oc) ~ ao q(g) ao qA{a) — ir (g) tt o A(a), 

aoA'oa — a(S^ao A-*"" . 

Let h' be the Haar measure on K. The associated GNS representation 
TTh' : A' —>■ TTh'iA') has as image the compact quantum group Kh', which is a 
subgroup of K. Notice that a is an isomorphism on the smooth part oi A/3ao- 
Therefore composing h'oa gives a positive state on A/3oc which acts as the Haar 
measure h'^^^ of iCmax- Thus L'^{Kma,K, ^max) = L'^i^, h') and tt^/ o a := ^h'^^^- 
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These arguments show that if h'^^^. is faithful then both TTh' and a are faithful 
maps, so the equivalence class of subgroups of G equivalent to K is constituted 
by all *-isoniorphic quantum groups. 

We have seen that ii K is a compact quantum subgroup of G then Rep(G) C 
Rep(-Rr) as a tensor C*-category and that equivalent subgroups have the same 
representation categories (Theorem 3.7). Therefore there is a well defined map 
associating to the equivalence class [K] of a subgroup iiT of G a Hilbert space 
category, Rep(/-ir), containing Rep(G'). 

3.7 Theorem Let G be a compact quantum group. The map [K] -^ Rep{K) is 
a bijective correspondence between equivalence classes of quantum subgroups of 
G and Hilbert space * -categories with tensor products, conjugates, direct sums 
and subobjects, containing Rep{G). 

Proof We just need to show that the map is surjective. Let T be a tensor *- 
category containing Rep(G) as in the statement. Then by Woronowicz Tannaka- 
Krein duality theorem we can find a unital Hopf * -algebra Kq — (23, A') with 
a unital coassociative coproduct A' which is a universal model for T (see |11|'). 
On the other hand, since T D Rep(G), by universality of (j^oo, A) there must 
exist a surjective *-homomorphism Aoo ~^ 23 intertwining the corresponding 
coproducts. The kernel 3q is a *-ideal and also a coideal (use the same arguments 
as in the proof of Lemma 3.7 to show that it is a coideal). Complete Uq in A and 
obtain a closed ideal and a closed coideal 3 in A. The corresponding quantum 
subgroup K oi G has then T as representation category. 

4 Quantum quotient spaces 

Recall that an action of a compact quantum group G = (^l, A) on a unital 
G*-algebra ? is a unital *-homomorphism S : 3^ ^ S' ^ A such that 

(5cg)io5 = i(g)Ao(S. 

The map 5 will be called ergodic if the fixed point algebra 

J^ := {/ e :r : <5(/) - / /} 

reduces to the complex numbers. 

We call a unital *-homomorphism S' : 3^ —^ A (E) 3^ sm opposite action of G if 
it satisfies the relation 

L®S'o6' = A(g)LoS'. 

6' is an opposite action of G on ?■ if and only if 6 := '0(3', A) o 5' is an action of 
the opposite group Go on 3^. 

4.1 Proposition If K ~ {A', A') is a compact quantum subgroup of G = 
{A, A), there is an action 

6k ■.A^A(g)A' 
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of K on the C* -algebra A, defined by Sk :— l^ tt o A. 
Proof Indeed, 

Sk<E)i.oSk — i-<S>TT<S>toA(E)toL(g)TroA = 

t(8)7r(g)7roA(g)toA = i(X)7r(Xi7roi(g)AoA = 
t ® A' o Kg) TT o A = t (8) A' o (5/f . 

We then consider the fixed point algebra 

yi*^- ■.= {T eA: Sk{T) = T /} 

and call it the quantum left coset space. Similarly, S'j^ := tt® to A is an opposite 
action of K on A, whose fixed point algebra 

jiS'k —{TeA: S'j^{T) =I(g)T} 

will be called the quantum right coset space. 

Let G be a compact group, and (C(G'), A) the associated compact quantum 
group with coproduct A{f){g,h) = f{gh). Let K he a closed subgroup of G. 
The action of the quantum subgroup group {C{K),A') on C{G) just defined is 
given by 

SK{f){9,k) = figk), geG, k e K. 

Thus the fixed point algebra is 

e(G)^- = {/ e e(G) : f{gk) - f{g),g eG,ke K}, 

the set of all class functions C{G/K). Its spectrum is the compact space G/K 
of left cosets. Similarly, d'j^{f){k,g) — f{kg), so 

e{Gf'< ={fe e(G) : f{kg) = f{g), geG,keK} = e{K\G) 

with spctrum the space K\G of right cosets. 

These coset spaces are known to be endowed with left and right G-actions 
by homeomorphisms. For example, for the right coset space, 

g:Kgie K\G ^ Kgig e K\G 

makes K\G into a homogeneous space, in the sense that the above G-action is 
ergodic. There is a natural way of defining the corresponding G-actions in the 
quantum situation: restrict the coproduct A to the left and right coset spaces. 

4.2 Proposition |S] 

a) The map 

?7 := A \ji5j, : A^"' -^A(g>A^'' 

is an ergodic opposite action of G on the quantum left coset space A^'^ 
such that A (g) Ir]{A^'^ ) is dense in A A^^ . 
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b) The map 



rl ■= A r^,-^ : A^'< -^A^'^®A 






is an ergodic action of G on the quantum right coset space A^ such that 
I (g) Ari'{A^''<) is dense in A^'x (g) A. 

Proof We prove only a). Consider the map l^Sk '■ A®A ^> A(i)A®A' . This 
is an action oi K on A® A with fixed point algebra A ® A^^ . We show that 
ri{A^'<) C A®A^'',0Y, equivalently, that, for T & A^'' , i®SK{A{T)) == A{T)(g)I. 
Indeed, 

i (g) (5k(A(T)) = i(g)t(g)7rot(g)Ao A(T) = 

t (g Kg) TT o A (g) t o A(T) = A g) i o Sk(T) = 

A (g t(T (g /) = A(r) (g /. 

We show that the 77-fixed point algebra reduces to the complex numbers. Let 
T e A^'' satisfy ri{T) ^I®T. Since 5k{T) == T ® /, wc have both: 

A(r) = / g) r, i g) TT o A(T) ^t®i, 

so 

J (g 7r(r) = T (g /, 

which shows that T E C We finally show that the linear span of elements of 
the form a®Irj{b'), with a G ^l, 6' e A^'^ , is dense. Let ft-' be the Haar measure 
of K^ and E : A ^> A^^ the conditional expectation: E{b) := lj\, ® h' o 5k- A 
straightforward computation shows that E commutes with the action 77, in the 
sense that 

r]oE = LA<^EoA. 

Take b' G A^'^ of the form i?(6), with b ranging over A. Then 
a g) 777(6') = iyi g) E{a g) /A(6)), 

and the conclusion follows from the fact that A g) /A(yi) is dense in A(S> A. 

The pairs 

G/K:^{A''<,v) 

and 

K\G:=iA''-,7j') 

will be called the compact quantum left and right quotient spaces, respectively, 
defined by the subgroup K oi G. 
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5 Induced representations and Frobenius reci- 
procity 

In this section we define the representation of a compact quantum group induced 
by a representation of a compact quantum subgroup. 

Let K — {A', A') be a compact subgroup of G, defined by tt : A ^ A' . and 
let u : _ff ^ _ff ® yi' be a finite dimensional unitary representation of K on the 
Hilbert space H. Consider the opposite action of K on A: 

S'l^ := TT (g) i o A : A ^ A' (g) A. 

Ona has: S'j^{Aoo) C 7r(yLoo) Q Aoo C A'^ QAoo- Define maps: 

u gi L : H ® A ^ H <g) A' ig) A, 

L ® 5'ji ■■ H ® A -f H ® A' ® A. 

Note that u®t(i/0yioo) C HqA'^QAoo and i(g)(5^(iJ0yioo) C HQA'^QAca- 
Consider the following subspaces: 

the latter being a Banach subspace oi H ® A. Notice that if ■f,?? G -''^indo(«)> 
(^, r\)A is an element of the right coset space A^t^ : 

(u®LA{i)-,U®LA{n))A'®A ^I® (,i,'n)A 

by (3.1). Therefore Xijj(Jo(m) is a right Hilbert yi'^» -module. 

We shall also consider the norm closure Hind(M) in i/ ® LF'{A) of the image 
of -'^indoo(M) under the natural continuous map t : H (g A ^ H (g) L'^(A). 

One should point out that there do exist functions in i?ind(«)- Indeed, let 

E : H Q Aoo -^ H Q Aoo 
denote the linear map that takes a simple tensor x — ip g) a to the element 

E{x) := lh (0 (h' o m) (g) laHlh <g k' o u) g S'l^i^)) = 

iH ® {h' o m) (g) la{{lh ® k' o u){tp) (g) (5^(a)), 

where m : A'^ A'^ -^ A'^ denotes the multiplication map: a(E)b ^ ab, h' the 
Haar measure for K and k' the coinversc for A'^^ . 

5.1 Lemma E is an idempotcnt map with E(H 0yioo) = -'^indocC")- 

Proof We show that, for any x E -'^indoo(M)' ^i^) ^ ^• 

E{x) = tfl- ® {h' o m) la{{i-h k' o u) iyi/ ty^ o u la{x) = 
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lh ® {h' om) ® iji {lh <S!) h' <g> iji' ® iA ° i-h ® ^' ® i^a o u ® La [x) — 

lh ® e' ® La ° u ® iA{x) = x. 

since m o k' (8) tyi' o A' = e', with e' the counit of A'^, and lh ®e' ou = lh- We 
are left to show that for any x G H Q Aoo, E(x) € -^ind^(M)- 

iH'S>S'j^{E{x)) = LH'Sy'{h'om)'g)LA''SylLA°l'H'®>l'A'®lt.A'®S'j({{LH'®n'ou)®d'j({x)) = 

iH (8) {h' o m) ® iA' 'Si i^aHi-h k' o u) ® (la' ® (5^ o S'i()ix)) = 

iH S (h' om) S LA' S laHlh <S> h' ou) S (A' ® t^ o (5^)(a;)). 

Now for X — ^i ® a with a 6 Aoo and f/^i an element of an orthonormal basis 
of H, write (5^(a) — '^a'l® 0,2 and u('0i) — X^rV"?- 8) Ur,i- Inserting these 
computations in the last term gives, using strong right invariance of the Haar 
measure H^: K'{h' S t(a ® /A'(fe))) = h' ® t(A'(a)& ® /), 

^Vr 8) (/i'® MK'^'lwr.j) (8)/A'(ai)))0a2 = 

r 

r 

^ V'r «) (k'"^'- ® /i'('t' ® k' O A'{Ur,i)I S) a[))) ®a2 = 

r 

^ Vr ® (i «) h'{i ®k'o A'{Ur,i)I ® a[)) (g) a2 = 
r 

y^ Vr 'S Ur^k S h'{K,'{uk.i)a'-^)a2 = 
r,k 

^^u{ipk) S h' {k {uk,ia[))a2 = u® iA{E{x)), 

k 

since A' o k' = ^ o k' (g) k' o A' with -d the flip automorphism of A' ® A' . 

5.2 Lemma Let {fz)zec 9.nd {f'^)z£z be the family of linear multiplicative func- 
tional defined on Aoo sind A'^o respectively 'TW, and let u and v be irreducible 
unitary representations of K and G respectively. If v \k= ®^u © u' with u' 
disjoint from u, then for all r, s = 1, . . . , N^, with N^ the dimension of u, and 
J = 0, . . . , 771 — 1, there exist positive constants Xj such that 



Proof Let Fy be the unique positive intertwiner from v to the double contra- 
gradient representation v'^'^ with Tr(L'„) = Tr(L!„~^). It is easy to check that Fy 
is an intertwiner from v \ k ^o v f^. Therefore Fy leaves globally invariant the 
space of (Bi^u and Fj — EjFy \h are positive invertible intertwiners from u 
to u'^'^, with Ej the orthogonal projection from Hy to the j-th space Hj of u. 
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Therefore for some positive constants Xj, XjFj = F^- By definition of /_i (see 
(5.22) in TOI), following Woronowicz notation, 

Tr(Frim;f_J = A,Tr(F-V:f^J = A,/:i(u,,,). 

We next show that £■ is a selfadjoint projection. 

5.3 Proposition Let us regard H Aoo as a dense subspace of the Hilbert 
space HiSiL^ (A) . Then the densely defined operator E : HqAoo -^ H®L^ (A) 
is Hermitian: 

{x',E{x)) ^{E{x'),x), x,x' e HqAoo- (5.1) 

Therefore E is bounded and extends uniquely to the orthogonal projection of 
H (g) L'^{A) onto Hjnd{u)- 

Proof Aoo is linearly spanned by coefficients of unitary irreducible representa- 
tions of G jTO], therefore it suffices to take x = ^i® Vp,q and x' = V'i' ® v' , ,, 
with V and v' irreducible representations of G and {V'r} an orthonormal basis 
of H . A straightforward computation shows that for x = ipi (® Vp g, 

E{x) = ^ -0^ h' {k' {Urj)'!r{Vp^k))vk,q = ^ /l'(u* ,.7r(Wp^fc))'0r ^ Vk,q- (5.2) 
r,k r.k 

Since any unitary representation of K is the direct sum of irreducibles and since 
E leaves globally invariant any subspace of the form H' Aoo , with H' the 
space of a subrepresentation of w, it suffices to assume u irreducible. By the 
Peter- Weyl theory for compact quantum groups ^^, h'{u*^n{vp^k)) = unless 
V \k contains m as a subrepresentation. In that case the computation of E{x) 
shows that {x',E{x)) = unless v' \k contains u, again by the Peter- Weyl 
theory of K. Therefore both sides of (5.1) annihilate, and therefore coincide, 
unless both v and v' contain u as a subrepresentation when restricted to K. Let 
us assume then that this is the case. The computation of E(x) shows that, up 
to replacing v by an equivalent representation, we can assume that v \k takes 
the form: v \k= 0™" ® ^'' with m the multiplicity of u in w \k- If P is bigger 
than mNu, with iV„ the dimension of u, E{x) — since u' and u are disjoint. 
For p — jNu + 1, . . . , (j -I- '^)Nu, for some j = 0, ... to — 1, '^{vp^k) = for all k, 
unless k — jNu + 1, . . . , (j + l)Nu. In this case 7r(wp_fc) = Up-jN^,k-jN^- Then 
by [El, Theorem 5.7, 

ut * I \\ -Li * \ a J-l\'^p-jNu,i) 
n[Ui^rTT[Vp^k)) = n(Ui,r'Up'-]N^.k~jN,J = Or,k-]N,, 777 T , 

with z -^ fz the linear multiplicative functionals of ^IJ^ defined in ^H], Theorem 
5.6. Therefore 

^i^) = 777 N 2^^r® Vr+jN^,q. 

Jl\Xu) 
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Here Xu = J2s "«,« ^^ ^^^ character of the representation u. Thus E{x) = 
unless q = jNu + 1, . . . , (j + l)Nu. Assume then that this is the case. Now 

(X ,E{x)) = — 2^0i' ,rh[Vj,, ^q, Vr+.jN^,q) = 

JiKXu) ^ 

J-l[Up-jN^,i) ,, I * X 



^v' ,V^i 



I'liXu) 

f'_l{Up-.jN^,i) f-l{vi'+jN^,p') 



"'' fiixu) Mxv) 

Exchanging the roles of x and x' gives 



{E{x'),x) = [x,E{x') = 

. . /il(V-j'Ar„,»') I-l{vi+3'N^.p) _ 
Ov,v'Oq^q' -— -_ 

r-lKXu) Jl(Xv') 

/il("»',p'-3'JV„,) f-^l{VpA+j'Nj 

fiixu) hixv) 



^v.v'^q 



by the relation f_i{ur.s) = f-i{us.r) shown in ^^, (5.17)-(5.18). It suffices to 
assume then v = v' and q — q', so we also have j = j' . The previous lemma 
now completes the proof of (5.1). 

Finally, (5.1) shows that x—E{x) and E{x) are orthogonal to each other since 
E"^ = E hy Lemma 5.1. Therefore in the Hilbert space norm: ||i?(a;)|p < ||a;|p. 
The rest is now clear. 

A representation w of G on a vector space y is a linear map v : V ^ V (DAqo 
such that 

W ® iyi O D = iy (g) A O U, (5.3) 

v{V)A^^VGAoo. (5.4) 

In the last equation V Aoo is regarded as a right ^txj-module in the natural 
way. Note that a unitary finite dimensional representation of G is a vector space 
representation of G. Moreover, for any finite dimensional Hilbert space 7J, 

LH (E) A : H Q Aoc ^ H Q Aoo G Aoo 

is vector space representation of G on iJ Aoo ■ 

If V and v' are two vector space representations of G on F and V respectively, 
a linear map T : V^ — > V^' is called an intertwiner if 

T G 1a ° V = v' oT. 

The space of all such intertwiners will be denoted by {v,v'). 

We are now ready to define induced G-representations on the spaces Xi^^^ („) 
and -ffind(u)- 

5.4 Proposition Let u be a unitary finite dimensional representation of a 
compact quantum subgroup K of a compact quantum group G. 
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a) Then the idempotcnt E : H ® Aoo ^ ^ind^ (u) intertwines the vector space 

G -representation 

in (E) A : H G Aoo -^ H Q A^o -Aoo 

with itself. Therefore the restriction of i/f (g) A to Xin^j^ („) gives rise to a 
vector space representation 

Indco{u) : Xj„jj^(„) —> Xjj,doo(«) ©-Aoo- 

b) The same map t// (g) A restricted to the right Hilbert module Xj„ij^(u) is a 

bounded linear map 

Indo{u) : Xj^do(«) ^ -'^i2ido(«) ©-^i 
where (g denotes the exterior tensor product. 

c) The map Indo(u) extends uniquely to a map 

Ind(u) : Hi„d(^^f -^ Hind{u) © A 

satisfying the assumptions of Prop. 3.1, and therefore a unitary G- 
represen ta tion . 

Proof a) HqAoo is linearly spanned by simple tensors of the form x = ^JiGVp^q, 
with {ipr} an orthonormal basis of H and Vp^q coefficients of an irreducible 
unitary representation of G. By (5.2) 



iH® ^o E{x) = ^ /l'(u*,,7r(i;p,fe))V'r ® ^{vk,q) = 

r,k 

y^ h\ul,^7T{Vp^k))'ipr ^ Vk,s ^ Vs.,q = X^ ^ '^ ^{^^i ^ '^P.s ® Vs,q) = 
r,k,s s 

E (g)Lo A{x). 

Therefore the restriction Indoo(M) of i/f ® A to Xindoc(M) takes that subspace 
into ^indoo(M) Aoo and clearly satisfies relation (5.3). We show (5.4) with 
V = Xi^Z(u)=E{H(g>Aoo)- 

lndoo{u){E{H (g) Aoo))Aoo ^ E (g) i{iH A(i/ (g) Aoo))Aoo = 

E®i{H® (A(yioo)/ ®Aoo)))^E® l{H GAooQAoo)^ 

Xlnd^(u) 0-Aoo. 

b) Obviously ij:/ (g A is a bounded linear map from the right Hilbert module 
Hg)Ato the exterior tensor product of right Hilbert modules {H(E)A)(E)A. The 
space ^indo(M) is a norm closed subspace of _ff gj^l. The following computations 
show that iff A(Xi,ido(«)) C Xindo(M) '^A. We show that for any T e -^indo(«); 

u M i-A{iH A(T))) = iff (5^ iyi(iff A(r))). 
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The left hand side equals 

iff ® iA' ® A(u ® la{T)) = iH (g) LA' «) A{lh ® S'j({T)) = 

iH®l'A'®A°l-H®T^®''A°''H®A{T) = LH'SnT0iA®l'A°l'H®A®l'A°l'H'SiA{T) = 

LH ® 5'k ® I'AiiH ® A{T)). 

Since the norm on the range space coincides with the norm inherited from 
H ® A ® A, and since lh ® A ■ H ® A —^ H ® A® A \& bounded, Indo(u) is 
bounded as well. 

c) We show relation (3.1). For V', "0' € H , a,a' <^ A,T ^ ip®a,T' ^ ip' (g)a', 

[lh ® A(r), LH ® A(r')U = (V', ^')h ® L{A{a*a')) = (V^, ^')h{a*a') = (T, T')I, 

so the relation holds a fortiori on ^indo(«)5 ^^'^ iff® A extends on the completion 
^ind(ti) to a map satisfying the same relation. By a), Ind(u)(Xijj(j^(„))yioo = 
^indoo(M) 0-Aoo, and this subspace is norm dense in the right Hilbert yi-module 

Hlndiu) ® A. 

We shall call Ind(u) the representation induced from u. We conclude this 
section with a result on Frobenius reciprocity for induced representations. 

5.5 Theorem Let K be a compact quantum subgroup of the compact quantum 
group G. Let u and v be Gnite dimensional unitary representations of K and 
G respectively, with v faithful. Then the spaces (v,Indoo{u)) and {v \kiu) Sire 
linearly isomorphic. 

Proof Let H^ and iJ„ denote the spaces of u and v respectively. For T G 
{v,lndoo{u)) and ■0 € H^, l ® e{T{tp)), with e the counit of Aoo C2]i is an 
element of iJ„. So we get a linear map S from Hy to Hu. We show that this 
map is an intertwiner between the desired representations. 

u o S{ip) = u{i ® e{T{ip))) = LH^ (E> LA' <E> e{u (g) la{TiP)) = 

iff„ ® i-A' ® e(tff„ ® S'j^{Tip)) = Lh,, ® LA' ® e{LH^ ®t^®laolh^® A{Tij))) = 

l-H^ (gD TT o LH^ ®LA®eo LH^ ® A{Tlp) — LH^ n{T^). 

On the other hand: 

S (g) la'V \k W ^ iH^'Sie® la' °T (g) la' o i^h^ ® 7r(w(i/')) = 

LH^®e® 7r(r (g) la{v{iI}))) = lh^ <E) e (g) it o lh^ <E> A(r('0)) = 
LH^(E)7To LH^ <E){e(E)LAO A)T{ip) = lh^ <E) 7r(T(V')). 
Let now start from an operator S G {v \k,u). For a vector Tp G 7J„ we set 

T{^) ■.= 3® la{v{^)) e HuQA^. 

We show that T{ip) lies in the space of Indoo(u)- 

M ® iyi(5' (g iyi(w(V'))) = (uS) g) la{v{iP)) = 
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{S (E) LA' OV \k)® I^a{v{^)) ^ S ® LA' ® iA O iH^ ® T^ ® I^A O V (g) iyi (w(V')) = 
-S* (8".^' <8) tyi O t//„ ® TT (g) tyi O i^^ (g) A(w(V')) = 5 ® tyi' g) tyi O i^^ g) 5^(w('0)) = 

l-H^^S'KiS^iAivilp))). 

We check that T e {v,lndoo{u)). 

iH^ g) AT(V') = /.ff„ g) A(S' g) tyi(w(V'))) = 

5* g) tyttyt(tH„ g) A(w(V'))) = 5 g) t^ g) tyi(w g) tyLCwlV-)) = 7" «> ^yllwW)- 

Finally we check that the maps T ^ S and S ^ T are inverses of one another. 

(tH„ g) e o T) g) iA{v{ip)) = tH„ g) e g) tyi o 6jj^ g) A(rV') = T{iP), 

LH^ g) e(5 g) tyiw(-0)) == S* g) e(u(-0)) = S'(V'), 
since w is faithful. 

6 Ergodicity and transitivity 

It is well known that transitivity characterizes G-actions arising from compact 
subgroups defined up to conjugacy, in the following way. Let X be a compact 
topological space on which a compact group G acts continuously by homeo- 
morphisms on the right. If the G-action is transitive, the stabilizer of a point 
X G X is a closed subgroup Gx of G, and the map xy G X ^ Gxg S Gx\G is a 
homeomorphism. Stabilizers of different points are conjugate closed subgroups 
of G. Conversely, given a closed subgroup K of G, the quotient space K\G 
with its quotient topology becomes a quotient right G-spacc under the action 
g : Kgi —> Kgig. The following fact is well known. 

6.1 Proposition Let X be a compact right G-space over a compact group G. 
The following properties are equivalent: 

a) the automorphic action a : g ^ G ^ ag E Aut{Q{X)), with ag{f){x) = 

f{xg), is ergodic, 

b) the G-action on X by homeomorphisms is transitive, 

c) there is no proper closed subset F C X such that FG — F. 

If one of the above properties holds then there is a closed subgroup K of G, 
determined up to conjugation, such that (Q{X), a) is isomorphic to the au- 
tomorphic action on Q{K\G) induced by the natural right G-action on K\G. 

Let now G be a compact quantum group acting on a (possibly noncom- 
mutative) unital G*-algebra C. Is ergodicity still equivalent to some sort of 
topological transitivity of that action? 
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In the case where G is a classical compact group acting pointwise continu- 
ously in norm on a unital C*-algebra C, a : G — > Aut(C), the second question 
has been investigated by Longo and Peligrad in |3j, who proved the following 
theorem. 

Recall that a subset M of C is called G-invariant if ag{M) C AI for all 
g € G. Clearly, since each g has an inverse 17"^, ag{M) = AI for all g £ G. 

6.2 Theorem ^ The following properties are equivalent: 

a) e" = CI, 

b) there is no proper, closed, G-invariant left ideal of C, 

c) there is no proper, hereditary, G-invariant G* -subalgebra of C. 

We give a generalization of the above result in the quantum group case. 
A G*-subalgebra, or a closed left ideal, 23 of C will be called G-invariant if 

SCB) cs®yi. 

6.3 Theorem Let 6 : G ^ C (^ A an action of the compact quantum group 
G = {A, A) on the unital C* -algebra C such that I ® A5{Q) = G®A. Then the 
following properties are equivalent: 

a) e* = <CI, 

b) there is no proper, closed G-invariant, left ideal 3 of C such that I ® A5{'}) 

is norm dense in 3 (E) A, 

c) there is no proper, G-invariant, hereditary G* -subalgebra OiofQ such that 

the hereditary G* -subalgebra ofC^A generated by 5(J{) is "K^SiA, 

d) there is no proper, open projection p e 6" such that 5"{p) — p® I . 

Proof Closed left ideals of 6 are in bijective correspondence with hereditary G*- 
subalgebras via the map assigning to the left ideal 2 the algebra 5-C — 3^3* with 
inverse the map assigning to the algebra "K the ideal 3 = {j G 6 : j*j G "K} (see 
|S])- If 3 and IK are in correspondence, for any G*-algebrayi, d®A and "K^A 
are a closed left ideal and a hereditary G*-subalgebra of C®A in correspondence 
as well. If 3 is G-invariant and he^ then S{h) €3'S>And*(E)A^K'»A,soJ{ 
is G-invariant. Conversely, if J{ is G-invariant and j G 3 then 5{j*j) G !K (X>-A. 
Therefore S{j) G 3 ® A. Thus G-invariant closed left ideals are in bijective 
correspondence with G-invariant hereditary G*-subalgebras. We claim that if 
3 is a closed left ideal of 6 then the closure 3 oi I(^AS{3) is a left ideal oiG^A. 
We only have to show that C (^ 13 C 3- Now since / (g) A6{C) is dense, C (^ I 
is contained in the closure of / (g) AS{C), so 6 ® 13, which coincides with the 
closure of / ® AG ® IS{3), is contained in the closure of / A6{G3), which is 
in turn contained in 3- By 0, hereditary G*-subalgebras, or closed left ideals, 
of a unital G*-algebra 25 are in bijective correspondence with open projections 
of 23". If p is the projection of 6" corresponding to a closed, left, G-invariant 
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ideal 3 of C then S"{p) must coincide with the open projection of (C (g) A)" 
corresponding to 3, the closure of the ideal / (g) AS{3); G-invariancc of 3 shows 
that this ideal is contained in 3 (S) A, so d"{p) < p® I. If in addition / ® A5{3) 
is norm dense vd.3 ® A then p ® 15" (p) = p^ I, so S"{p) = p® I. Conversely, 
any such projection corresponds to a closed G-invariant left ideal 3 such that 
/ ® A6{3) ^3 ® A. Again, for a hereditary G-invariant G*-subalgebra !K of C, 
the hereditary G*-subalgebra generated by (5(Jf ) corresponds to the projection 
5{p), which is in turn dominated by p ® / by G-invariance. Requiring that it 
coincides with 3i®A fixes 5"{p) = p® I. We have thus proven the equivalence 
of b), c) and d). The implication b)^ a) is easy: if there were a positive non 



scalar element a in 6 then its spectrum would contain at least two points xi 
and X2- Let / be a continuous function on the spectrum such that /(xi) — 1, 
f{x2) — 0. The closed left ideal 3 generated by /(a) is then proper and G- 
invariant. The norm closure oi I ® A5{3) is genereated hy I ®j A6{&)f{a) ® J, 
or by C/(a) ® A since / ® A5{Q) is dense in Q ® A. We are left to show that 
a)— >-d). Let p be an open projection of C" such that 5"{p) = p® I. Consider 
the conditional expectation £' : C ^ C* over the fixed points obtained overaging 
over G: E{c) := i ® h o (5(c). By universality of C", E extends to a normal 
positive map E" : G" -^ G" such that E"{c") = c" whenever 5"{c") = c" /. 
In particular, E"{p) — p. By 3.11.9 in p can be obtained as a strong limit 
of a bounded monotone increasing net Xa from C^, therefore E"{p) = p is the 
strong limit of the monotone increasing net E{xa)- Since C^ = CI, p must be a 
multiple of the identity, i.e. either p = 0, p = I, and the proof is complete. 

Under stronger assumptions on the quantum group G, conditions b) through 
d) in the previous theorem take a more relaxed form. 

6.4 Theorem If the Haar measure h and the action 5 are faithful maps, then, 
under the same assumption as in the previous theorem, the following conditions 
are equivalent: 

a) e* = c, 

b') there is no proper closed G-invariant left ideal of 6, 

c') there is no proper hereditary G-invariant C* -subalgebra of C, 

d') there is no proper open projection p G 6" such that 5{p) <p® I. 

Proof Indeed, projections as in d') are in one to one correspondence with ideals 
as in b') and algebras as in c'). If p G 6" is a nonzero projection satisfying the 
condition stated in d') then E"{p) < p and p is the strong limit of an increasing 
net Xa from 6^ with nonzero elements, so E"{p) turns out to be a strong limit 
of the increasing net E{xa), with nonzero entries. If the action is ergodic then 
E"{p) is a nonzero scalar, and therefore p = I. 
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7 Ergodicity and quotient spaces 

When is an ergodic action 5 : G ^ G^A of a compact quantum group G — {A, A) 
on a C*-algebra, isomorphic to an action on some quantum quotient space 
K\G^ (^*^,r?')? 

Ergodicity is clearly not enough. Just think of the case where G is a group. 
The question has a negative answer if G is not commutative, and positive if C 
is commutative, thanks to Prop. 6.1. 

But, of course, commutativity of 6 can not be assumed in the quantum 
case. We look for some other property, necessary also in the case where G is a 
quantum group. The following is a key observation. 

7.1 Proposition Let a : G ^ Aut{G) be a strongly continuous, ergodic, action 
of a compact group on a unital G* -algebra G. Then the following conditions 
are equivalent: 

a) 6 has a character, 

b) 6 is commutative. 

If one of the above condition is satisfied, the given dynamical system is isomor- 
phic to the system arising from a quotient right G-space. 

Proof We need to show that a)— >b). Let x be a character of C. The stabilizer 
of X; G^ :— {g € G : x° c(g = x}i is a closed subgroup of G, and the map 

p:cee^(.geG->x° ag{c)) e G{G) 

is a *-homomorphism with range included in the commutative G* -algebra 
C(G^\G). This map intertwines the corresponding automorphic G~actions. 
The two sided closed ideal of 6: 3 = {c G G : x(ag(c)) = 0,5 G G} is obvi- 
ously G-invariant and does not contain the identity, so by ergodicity, ^J = 0. 
It follows that the *-homomorphism C — > C(G) assigning to an element c G C 
the continuous function g G G — * x(«g(c)), is faithful. Thus C is commutative, 
and G acts transitively on the spectrum of C. In particular, the closed orbit 
{x o Q;g,(7 G G} must coincide with whole spectrum of C. A straightforward 
application of the Stone- Weierstrass theorem shows that p must be surjective. 

How many quantum coset spaces with a *-character do there exist? Think 
of the following construction. A quantum coset space is the fixed point algebra 
of the Hopf G*-algebra yi of a quantum group G = (^l, A) under the action of 
a subgroup (see Sect. 4). Therefore it suffices to look for a *-character on A. 

On the other hand Woronowicz shows in []J}j that every compact matrix 
pseudogroup has a densely defined *-character e: the counit. This is a *- 
homomorphism e : A ^ C, defined only on the smooth part A^o oi A, such that 
for a G Aoc, 

(, (g) e o A(a) — a. 

But, he also shows in [IIJ that one can obtain compact quantum groups from 
any suitable category of finite dimensional Hilbert spaces, via Tannaka-Krcin 
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duality. In fact these groups obtained from categories are completion of their 
smooth part with respect to the maximal C*-norm. Therefore for these groups 
the counit must be an everywhere defined *-character. For example, the group 
SfjU{d) has such a character. 

In conclusion, for sufficiently many quantum groups G, if a compact quantum 
subgroup if of G is given, the restriction ex of the counit e to the right coset 
space A^f^ is a continuous *-character of that C*-subalgebra of A. 

We show a property possessed by the counit. 

7.2 Lemma If the action 5 : Q —^ Q® A of the compact quantum group G on 
A is faithful, and if e is an everywhere defined counit of G then i® eo 5{c) = c 
for all c e e. 

Proof It suffices to show that §{i ® eo (5(c)) = ^(c). Indeed, the l.h.s. equals 

i® i®eo 5 ® io 5{c) = b® i® eo i® /S.O 5{c) = 
i® (/,(8)eo A)((5(c)) =(5(c). 

Consider an action (5 of a compact quantum group G — {A, A) on a unital 
C*-algebra 6. If 6 has a character x^ Prop. 7.1 suggests how to construct 
an intertwiner from the system (6, 5, x) to some system of the form K\G = 
{A''^,7^',eK). 

7.3 Theorem Let 5 : Q ^> & ® A he an action of G on a unital C* -algebra 6. 
Let X : 6 ^ C be a character ofC. Then there is a compact quantum subgroup 
G^ = {A' , A') of G such that the map 

T^-.^X'^i-AoS -.e-^ A^''^x 
is a * -homomorphism intertwining the corresponding G-actions: 

rj' o T^ ^ Tx ® iA ° S. 
Furthermore, if n : A ^ A' is the quotient map, 

7r(Tx(c))=x(c)/yi', cee. 
Also, if 6 is faithful and if G has an everywhere defined counit e then 

e(rx(c)) = x(c), cee. 

Proof Consider the linear subspace M^ of A generated by 

{X «) t o (5(c) - x(c)/, c e e}. 
Notice that 

A(x ® i o (5(c) - x(c)/) = (x «"- o (5 - x/) ® i-{S{c)) +I®{x®i-o S{c) - x{c)I), 
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so 

A(Mx) c M^^A + I ^ M^. 

Let J^ be the closed ideal generated by M^ in A. This is a *-ideal since M^ 
is * -invariant. The above relation shows that A( J^) is contained in J^^ ® A + 
A (g) J^. Set yi' = .A/Jx, and define A'([a]) = tt (g) 7r(A(a)), with tt : yi ^ 
yi' the quotient map. This map is well defined and defines a nondegenerate 
coassociative coproduct on A'. It is now obvious that G^ := (yi',A') is a 
compact subgroup of G, and, by definition, 

X<S)tto6{c)=x{c)Ia', cee. 

We show that the range of T^ is included in yi '^x . For c G 6, 

S'g^{Tx{c)) =7r(g)toAox® to (5(c) = 

X^TT^toKgAo (5(c) = x®^®''°'5'Xito (5(c) = 

[(x (g) TT o (5) g) t] o (5(c) = x( • )^ «"- o (5(c) = / g) rx(c). 

We finally show that T^ intertwines the corresponding G-actions. For c G 6, 

?7 o T^(c) = A o X (g t o (5(c) = 
XgitgttoKgAo (5(c) = x®'''Xito(5(gto (5(c) = 
T,^g)to(5(c). 
Finally, by the previous lemma, 

e{Tx{c)) = X ® e o (5(c) == x('- «) e o (5(c)) = x(c)- 



The subgroup G^^ constructed along the proof of the previous theorem will 
be called the subgroup stabilizing x- 

We can summarize the results of this and the previous section in the following 
theorem. 

7.4 Theorem Let S : G ^ C (E) A be an action of the compact quantum group 
G = (yi. A) on a unital C* -algebra 6 endowed with a * -character x- Assume 
that 

a) / g) A6{G) is norm dense in Q ®A, 

b) the action S is ergodic: G^ = C 

Assume furthermore that the action S and the Haar measure h of G are faithful 
maps. It follows that T^ is faithful. 

Proof We show that the kernel 2 of T^ is G-invariant. For j G 3, by Theorem 
7.3, T^ ® iA{5{i)) = v'iT^U)) = 0, so 6{j) G ker (T^ g) m) ^ 3 (E> A. Since 
3 ^ 6, we must have 3 = thanks to Theorem 6.4. 
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7.5 Corollary IfS : C -^ C(S>A is a faithful ergodic action of a compact quantum 
group G — {A, A), with faithful Haar measure, on a commutative unital C*- 
algebra C satisfying the nondegeneracy property a) above, then (6, i5) can be 
embedded faithfully into a quotient space of G. 

Remark 6 If we drop the assumption that h and 5 are faithful maps, but if 
we know a priori that T^ is surjective, then T^ must be faithful, and therefore 
a *-isomorphism. The reason is explained in the following lemma, which we 
include for future reference. 

7.6 Lemma Let 5 : Q ^ Q ® A and rj : T) ^> T) ® A be unital actions of 
the compact quantum group G — (yi, A), and let T : Q ^ T) be a surjective 
* —homomorphism such that 

rj oT ~ T ® iji o 5. 

If I ® A5{Q) and I ® Ari{'D) are norm dense in Q® A and T) ® A respectively, 
then the kernel 3ofT is a closed, two sided, G-invariant ideal of C such that 
I AS{3) is norm dense in d ® A. In particular, if S is ergodic, T must be 
faithful. 

Proof As in the proof of the previous theorem, one can show that 3 is G- 
invariant. By Theorem 6.3, we are left to show that / ® AS{d) is dense in 
3 ® A. Extend T to a normal * -homomorphism T" : 6" -^ D", and let p 
be the central projection of C" such that ker(T") = C"(/ — p). / — p is the 
open projection of C" corresponding to 3- We need to show, by Theorem 6.3, 
that b"(I - p) = {I - p) ® I. The restriction Tp of T" to C'p is a normal 
*-monomorphism with range D". Since / ® Arj{'D) is norm dense iuT) ® A, it 
is a fortiori weakly dense in the von Neumann tensor product D" ®A". Pulling 
back this relation with T~^ ® I shows that / (8> A" 5" {&' p) is weakly dense in 
the von Neumann tensor product Q"p ® A" . Now the property that / ® A5{G) 
is norm dense shows that the weak closure oi I ® A"5"{Q"p) is a weakly closed 
left (and right) ideal of C" ® A" defined by the projection 5"{p). The density 
statement shows that 5"{p) = p® I, and therefore S"{I — p) = {I — p) ® I. 

Remark 7 We conclude the paper noting that one can not expect in general 
an isomorphism of an ergodic G-space (6, 5) with a quotient G-space K\G by 
a stabilizer subgroup. In fact, Wang shows in j2] an example of a compact 
quantum group acting ergodically on a commutative G* -algebra for which the 
quotient space by a point stabilizer subgroup is not commutative. 
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